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In this paper, the cutting force calculation of ball-end mill processing was modeled mathematically. All derivations of cutting forces were directly
based on the tangential, radial, and axial cutting force components. In the developed mathematical model of cutting forces, the relationship of
average cutting force and the feed per ﬂute was characterized as a linear function. The cutting force coefﬁcient model was formulated by a function
of average cutting force and other parameters such as cutter geometry, cutting conditions, and so on. An experimental method was proposed based
on the stable milling condition to estimate the cutting force coefﬁcients for ball-end mill. This method could be applied for each pair of tool and
workpiece. The developed cutting force model has been successfully veriﬁed experimentally with very promising results.
& 2015 Society of CAD/CAM Engineers. Production and hosting by Elsevier. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
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The mechanics of metal-cutting had been analyzed and investigated by orthogonal and oblique models in many works such as
Merchant [1] and Altintas [2]. In the prediction of cutting forces, there are signiﬁcant differences in the approach used in
implementing the models. Traditionally, the cutting forces were modeled based on the experiential chip-force relationship
according to cutting force coefﬁcients. Therefore, effective methods for calibrating the cutting coefﬁcients are the important keys
to model the cutting forces in machining processes.
In the conventional mechanistic approach, the cutting force coefﬁcients were calibrated for different pairs of tool and workpiece
through the cutting tests. There are two typical methods for the calibration of cutting force coefﬁcients. The ﬁrst method is the
orthogonal to the oblique cutting transformation method and the second method is the direct calibration method. In the ﬁrst
method, the cutting force coefﬁcients were determined by using the shear angle, friction angle, and shear yield stress resulted from
orthogonal cutting tests. By using this approach, in the ﬂat-end mill, the cutting force coefﬁcients were determined using the
oblique cutting model, the orthogonal cutting model, and the cutting data [2–4]. Besides, by using the calculated results of shear
angle, friction angle, and shear yield stress from orthogonal cutting and using the orthogonal and oblique cutting models, some
researchers had developed the cutting models to calculate the cutting force coefﬁcients in ball-end milling operations [5–7].
In the second method, the cutting force coefﬁcients were estimated directly from milling tests for the speciﬁc cutter part
combination. The cutting force coefﬁcients were determined based on the instantaneous uncut chip thickness, the cutting edge10.1016/j.jcde.2015.06.005
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Nomenclature
D the diameter of cutter [mm]
R0 the diameter of cutter [mm]
Nf the number of ﬂutes on the cutter
β the helix angle on the cutter [deg]
ϕP the cutter pitch angle [deg]
a the full axial depth of cut [mm]
dz the differential axial depth of cut [mm]
Ψ ϕjðzÞ
 
the lag angle at an axial depth of cut z [deg]
Ψ 0 the lag angle at maximum axial depth of cut
z¼a [deg]
ϕj the instantaneous immersion angle of ﬂute number
j, ðj ¼ 1–Nf Þ [deg]
ϕj zð Þ the instantaneous immersion angle of ﬂute number
j in z cutting depth, ðj ¼ 1–Nf Þ [deg]
hj ϕj zð Þ
 
the instantaneous chip thickness at immersion
angle ϕj [mm]
db the chip width [mm]
dS the edge length of the cutting segment [mm]
rðϕjðzÞÞ the radius of a circle on xy plane at an arbitrary
point (P) on cutting edge [mm]
f t the feed per tooth [mm/tooth]
κðzÞ the axial immersion angle at z axial depth of cut
Ktc tangential shearing force coefﬁcient [N/mm
2]
Krc radial shearing force coefﬁcient [N/mm
2]
Kac axial shearing force coefﬁcient [N/mm
2]
Kte tangential edge force coefﬁcient [N/mm]
Kre radial edge force coefﬁcient [N/mm]
Kae axial edge force coefﬁcient [N/mm]
dFt;jðϕ; zÞ the differential tangential cutting force [N]
dFr;jðϕ; zÞ the differential radial cutting force [N]
dFa;jðϕ; zÞ the differential axial cutting force [N]
dFf;jðϕ; zÞ the differential feed cutting force [N]
dFn;jðϕ; zÞ the differential normal cutting force [N]
Ff ðϕÞ the cutting force in the feed direction [N]
FnðϕÞ the cutting force in the normal direction [N]
FaðϕÞ the cutting force in the axial direction [N]
Ff the average cutting force in the feed direction [N]
Ff c;Ff e the components of linear model force in the feed
direction [N]
Fn the average cutting force in the normal
direction [N]
Fnc;Fne the components of linear model force in the
normal direction [N]
Fa the average cutting force in the axial direction [N]
Fac;Fae the components of linear model force in the axial
direction [N]
Y.-C. Kao et al. / Journal of Computational Design and Engineering 2 (2015) 233–247234length, and the spindle speed [8]. By considering the instantaneous uncut chip thickness and the cutter rake angle simultaneously,
Bayoumi et al. [9] had successfully determined the cutting force coefﬁcients. Shin and Waters [10] developed a model to estimate
the cutting force coefﬁcients with an improved simulation model of chip ﬂow angle. In this study, the instantaneous cutting force
coefﬁcients were directly determined from experiments with variations of feedrate and depth of cut. In milling processes, the effect
of cutting forces will deﬂect the tool. And with the deﬂection and rotation of the tool, the ﬁnished surface was created. Larue and
Anselmetti [11] used the relationship between ﬁnished surface (tool deﬂection) and cutting forces to determine the cutting force
coefﬁcients in ﬂank milling. The cutting force coefﬁcients were estimated by using the relationship between the instantaneous
uncut chip thickness and the instantaneous cutting forces [12]. Subrahmanyam et al. [13] used the corresponding maximum chip
area and maximum measured force to estimate the cutting force coefﬁcients. Besides, the cutting force coefﬁcients were
determined by using the relationship between measured average cutting force and the feedrate [14–16].
The linear model of average cutting force and feed per ﬂute was used to calculate the cutting force coefﬁcients for milling process
in the direct calibration method. In this model, the cutting force coefﬁcients were relatively dependent on the average cutting force
and were determined from experimental data. This model had been applied in milling tools of ﬂat-end mill [14–19], ball-end mill
[20], and bull-end mill [21]. However, it seems that when determining the cutting force coefﬁcients in the ball-end mill process, the
application of cutting conditions have not been evaluated, the linear model of average cutting force and feed per ﬂute has also not
been veriﬁed; This means there still exist issues affecting the calculation of cutting force coefﬁcients to be resolved.
In this study, the cutting force coefﬁcients were estimated from the experimental data of cutting forces in the stable cutting
conditions. The main contributions of this study lie in four aspects: (1) completing the method to determine the cutting force
coefﬁcients in the ball-end mill, (2) using the experimental method to determine the stable cutting conditions, (3) verifying the
linear model of average cutting force and feed per ﬂute was veriﬁed by experimental results, and (4) modeling and verifying the
cutting forces in the ball-end mill processes.2. Mathematics of cutting force model for ball-end mill
2.1. The cutting force model
In ball-end mill, the immersion is measured clockwise from the normal axis. Assuming that the bottom end of ﬂute number one
is designated as the reference immersion angle (ϕ1) and the bottom end point of the remaining ﬂute number j is at an angle (ϕj), as
Fig. 1. The angular position of the cutter's ﬂute.
Fig. 2. Geometry of ball-end mill cutter and milling process.
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ϕj ¼ ϕ1 j1ð ÞϕP; j¼ 1–Nf ð1Þ
where ϕP is the cutter pitch angle that is the lag angle from the ﬂute number j to the ﬂute number jþ1.
ϕP ¼
2π
Nf
ð2Þ
When considering the cutter's helix angle, the radial lag angle Ψ at each axial depth of cut z can be expressed in Eq. (3).
Ψ ϕjðzÞ
 ¼ 2 tan β
D
z¼ tan β
R0
z ð3Þ
The maximum radial lag angle Ψ 0 is determined at maximum depth of cut a, and can be determined by Eq. (4)
Ψ 0 ¼
tan β
R0
a ð4Þ
For ﬂute number j, at an axial depth of cut z, the immersion angle is ϕj zð Þ. It can be expressed by Eq. (5), as shown in Fig. 1.
ϕj zð Þ ¼ ϕjΨ ϕjðzÞ
 ¼ ϕj tan βR0 z ð5Þ
If zero nose radius of the cutter is assumed, the tangential, radial, and axial forces acting on a differential ﬂute element can be
expressed as in Eq. (6).
dFt;j ϕjðzÞ
 ¼ Ktcnhj ϕjðzÞ ndbþKtendSðϕjðzÞÞ
dFr;j ϕjðzÞ
 ¼ Krcnhj ϕjðzÞ ndbþKrendSðϕjðzÞÞ
dFa;j ϕjðzÞ
 ¼ Kacnhj ϕjðzÞ ndbþKaendSðϕjðzÞÞ
8><
>>: ð6Þ
where hjðϕj zð ÞÞ is the instantaneous chip thickness, db is the chip width, dS is the edge length of the cutting segment that are
explained in the Appendix section.
In Figs. 1 and 2, each point at cutting edge is determined by z coordinate and the angular position (ϕj). In those points, the
cutting forces consist of three components including radial force, tangential force, and axial force. The feed direction is the
direction that is parallel to the tool movement direction, and perpendicular to the tool axis. The normal direction is perpendicular to
the tool movement direction and tool axis. The axial direction is parallel to the tool axis and perpendicular to the tool path. So, the
elemental forces in feed, normal, and axial force are calculated by using the transformation as in Eq. (7).
dFf ;j ϕjðzÞ
 
dFn;j ϕjðzÞ
 
dFz;j ϕjðzÞ
 
8><
>>:
9>=
>>;¼
 cos ϕj zð Þ
  sin κðzÞð Þ sin ϕj zð Þ – cos κðzÞð Þ sin ϕj zð Þ 
sin ϕj zð Þ
  sin κðzÞð Þ cos ϕj zð Þ  cos κðzÞð Þ cos ϕj zð Þ 
0 cos κðzÞð Þ  sin κðzÞð Þ
2
64
3
75
dFt;j ϕjðzÞ
 
dFr;j ϕjðzÞ
 
dFa;j ϕjðzÞ
 
8><
>>:
9>=
>>; ð7Þ
where κðzÞ is the axial immersion angle at z axial depth of cut that is explained in the Appendix section.
By substituting Eq. (5) into Eq. (7), the elemental forces in feed, normal, and axial force are calculated by Eq. (8) to Eq. (11).
dFf ;j ϕjðzÞ
 
dFn;j ϕjðzÞ
 
dFa;j ϕjðzÞ
 
8><
>>:
9>=
>>;¼
 cos ϕj tan βR0 z
 
 sin κðzÞð Þ sin ϕj tan βR0 z
 
– cos κðzÞð Þ sin ϕj tan βR0 z
 
sin ϕj tan βR0 z
 
 sin κðzÞð Þ cos ϕj tan βR0 z
 
 cos κðzÞð Þ cos ϕj tan βR0 z
 
0 cos κðzÞð Þ  sin κðzÞð Þ
2
6664
3
7775
dFt;j ϕjðzÞ
 
dFr;j ϕjðzÞ
 
dFa;j ϕjðzÞ
 
8><
>>:
9>=
>>; ð8Þ
and
dFf ;j ϕj zð Þ
 ¼  cos ϕj tan βR0 z
 
dFt;j ϕj zð Þ
  sin κ zð Þð Þ sin ϕj tan βR0 z
 
dFr;j ϕj zð Þ
 
– cos κðzÞð Þ sin ϕj tan βR0 z
 
dFa;j ϕjðzÞ
 
dFn;j ϕj zð Þ
 ¼ sin ϕj tan βR0 z
 
dFt;j ϕjðzÞ
  sin κ zð Þð Þ cos ϕj tan βR0 z
 
dFr;j ϕj zð Þ
 
 cos κðzÞð Þ cos ϕj tan βR0 z
 
dFa;j ϕjðzÞ
 
dFa;j ϕjðzÞ
 ¼ cos κðzÞð ÞdFr;j ϕ; zð Þ sin κðzÞð ÞdFa;j ϕjðzÞ 
8>>>>>>><
>>>>>>:
ð9Þ
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dFf ;j ϕj zð Þ
 ¼  cos ϕj tan βR0 z
 
Ktcnf t sin ϕj tan βR0 z
 
þKtenM
h i
dz
 sin κ zð Þð Þ sin ϕj tan βR0 z
 
Krcnf t sin ϕj tan βR0 z
 
þKrenM
h i
dz
– cos κðzÞð Þ sin ϕj tan βR0 z
 
Kacnf t sin ϕj tan βR0 z
 
þKaenM
h i
dz
dFn;j ϕj zð Þ
 ¼ sin ϕj tan βR0 z
 
Ktcnf t sin ϕj tan βR0 z
 
þKtenM
h i
dz
 sin κ zð Þð Þ cos ϕj tan βR0 z
 
Krcnf t sin ϕj tan βR0 z
 
þKrenM
h i
dz
 cos κðzÞð Þ cos ϕj tan βR0 z
 
Kacnf t sin ϕj tan βR0 z
 
þKaenM
h i
dz
dFa;j ϕj zð Þ
 ¼ cos κ zð Þð Þ Krcnf t sin ϕj tan βR0 z
 
þKrenM
h i
dz
 sin κðzÞð Þ Kacnf t sin ϕj tan βR0 z
 
þKaenM
h i
dz
8>>>>>>>>>>>>><
>>>>>>>>>>>>>:
ð10Þ
So,
dFf ;j ϕj zð Þ
 ¼
Ktcnf t  cos ϕj tan βR0 z
 
sin ϕj tan βR0 z
 h i
þKte  cos ϕj tan βR0 z
 
nM
h i
þKrcnf t  sin κ zð Þð Þ sin 2 ϕj tan βR0 z
 h i
þKre  sin κ zð Þð Þ sin ϕj tan βR0 z
 
nM
h i
þKacnf t – cos κ zð Þð Þ sin 2 ϕj tan βR0 z
 h i
þKacnf t – cos κ zð Þð Þ sin 2 ϕj tan βR0 z
 h i
0
BBBBBBBBBBBBBBBB@
1
CCCCCCCCCCCCCCCCA
dz
dFn;j ϕj zð Þ
 ¼
Ktcnf t sin
2 ϕj tan βR0 z
 h i
þKte sin ϕj tan βR0 z
 
nM
h i
þKrcnf t  sin κ zð Þð Þ sin ϕj tan βR0 z
 
cos ϕj tan βR0 z
 h i
þKre  sin κ zð Þð Þ cos ϕj tan βR0 z
 
nM
h i
þKacnf t – cos κ zð Þð Þ sin ϕj tan βR0 z
 
cos ϕj tan βR0 z
 h i
þKae – cos κ zð Þð Þ cos ϕj tan βR0 z
 
nM
h i
0
BBBBBBBBBBBBBBBB@
1
CCCCCCCCCCCCCCCCA
dz
dFa;j ϕj zð Þ
 ¼
Krcnf t cos κ zð Þð Þ sin ϕj tan βR0 z
 h i
þKre cos κ zð Þð ÞnM½ 
þKacnf t  sin κðzÞð Þ sin ϕj tan βR0 z
 h i
þKae  sin κðzÞð ÞnM½ 
0
BBBBB@
1
CCCCCAdz
8>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>:
ð11Þ
where M is the setting parameter that is calculated by Eq. (A.11) in the Appendix section.
In the determination of the total cutting force, the differential cutting forces are integrated analytically along the in-cut portion of
the ﬂute j, Eq. (12).
Fq ϕj
 ¼ Z z2ðϕjÞ
z1ðϕjÞ
dFq ϕjðzÞ
 
; q¼ f ; n; a ð12Þ
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feed, normal, and axial direction can be determined by Eq. (13).
Ff ϕð Þ ¼
XNf
j ¼ 1
Ff ;j ϕj
 
; Fn ϕð Þ ¼
XNf
j ¼ 1
Fn;j ϕj
 
; Fa ϕð Þ ¼
XNf
j ¼ 1
Fa;j ϕj
  ð13Þ2.2. Identiﬁcation of cutting force coefﬁcients
In feed, normal, and axial direction, the average cutting forces of Nf ﬂutes per revolution can be expressed by Eq. (14).
Ff ¼ Nf2π
R 2π
0
R z2ðϕjÞ
z2ðϕjÞ dFf ϕjðzÞ
  
dϕ
Fn ¼ Nf2π
R 2π
0
R z2ðϕjÞ
z2ðϕjÞ dFn ϕjðzÞ
  
dϕ
Fa ¼ Nf2π
R 2π
0
R z2ðϕjÞ
z2ðϕjÞ dFa ϕjðzÞ
  
dϕ
8>>><
>>>:
ð14Þ
And then, the Eq. (14) can be rewritten by Eq. (15) to Eq. (19) in feed direction, normal direction, and axial direction as
followings:
In feed direction
Ff ¼
Nf
2π
Z 2π
0
Z z2ðϕjÞ
z2ðϕjÞ
Ktcnf t  cos ϕj tan βR0 z
 
sin ϕj tan βR0 z
 h i
þKte  cos ϕj tan βR0 z
 
nM
h i
þKrcnf t  sin κ zð Þð Þ sin 2 ϕj tan βR0 z
 h i
þKre  sin κ zð Þð Þ sin ϕj tan βR0 z
 
nM
h i
þKacnf t – cos κ zð Þð Þ sin 2 ϕj tan βR0 z
 h i
þKae – cos κ zð Þð Þ sin ϕj tan βR0 z
 
nM
h i
0
BBBBBBBBBBBBBBBB@
1
CCCCCCCCCCCCCCCCA
dz
0
BBBBBBBBBBBBBBBB@
1
CCCCCCCCCCCCCCCCA
dϕ ð15Þ
so,
Ff ¼
Nf
2π
Z 2π
0
Z z2ðϕjÞ
z2ðϕjÞ
Ktcnf t  12 sin 2ϕj2 tan βR0 z
 h i
þKte  cos ϕj tan βR0 z
 
nM
h i
þKrcnf t  12 sin κ zð Þð Þ 12 cos 2ϕj2 tan βR0 z
  h i
þKre  sin κ zð Þð Þ sin ϕj tan βR0 z
 
nM
h i
þKacnf t – 12 cos κ zð Þð Þ 12 cos 2ϕj2 tan βR0 z
  h i
þKae – cos κ zð Þð Þ sin ϕj tan βR0 z
 
nM
h i
0
BBBBBBBBBBBBBBBB@
1
CCCCCCCCCCCCCCCCA
dz
0
BBBBBBBBBBBBBBBB@
1
CCCCCCCCCCCCCCCCA
dϕ ð16Þ
In normal direction
Fn ¼
Nf
2π
Z 2π
0
Z z2ðϕjÞ
z2ðϕjÞ
Ktcnf t sin
2 ϕj tan βR0 z
 h i
þKte sin ϕj tan βR0 z
 
nM
h i
þKrcnf t  sin κ zð Þð Þ sin ϕj tan βR0 z
 
cos ϕj tan βR0 z
 h i
þKre  sin κ zð Þð Þ cos ϕj tan βR0 z
 
nM
h i
þKacnf t – cos κ zð Þð Þ sin ϕj tan βR0 z
 
cos ϕj tan βR0 z
 h i
þKae – cos κ zð Þð Þ cos ϕj tan βR0 z
 
nM
h i
0
BBBBBBBBBBBBBBBB@
1
CCCCCCCCCCCCCCCCA
dz
0
BBBBBBBBBBBBBBBB@
1
CCCCCCCCCCCCCCCCA
dϕ ð17Þ
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Fn ¼
Nf
2π
Z 2π
0
Z z2ðϕjÞ
z2ðϕjÞ
Ktcnf t
1
2 12 cos 2ϕj2 tan βR0 z
  h i
þKte sin ϕj tan βR0 z
 
nM
h i
þKrcnf t  12 sin κ zð Þð Þ sin 2ϕj2 tan βR0 z
 h i
þKre  sin κ zð Þð Þ cos ϕj tan βR0 z
 
nM
h i
þKacnf t – 12 cos κ zð Þð Þ sin 2ϕj2 tan βR0 z
 h i
þKae – cos κ zð Þð Þ cos ϕj tan βR0 z
 
nM
h i
0
BBBBBBBBBBBBBBBB@
1
CCCCCCCCCCCCCCCCA
dz
0
BBBBBBBBBBBBBBBB@
1
CCCCCCCCCCCCCCCCA
dϕ ð18Þ
In axial direction
Fa ¼
Nf
2π
Z 2π
0
Z z2ðϕjÞ
z2ðϕjÞ
Krcnf t cos κ zð Þð Þ sin ϕj tan βR0 z
 h i
þKre cos κ zð Þð ÞnM½ 
þKacnf t  sin κðzÞð Þ sin ϕj tan βR0 z
 h i
þKae  sin κðzÞð ÞnM½ 
0
BBBBB@
1
CCCCCAdz
0
BBBBB@
1
CCCCCAdϕ ð19Þ
Setting
C1 ¼ Nf2π
R 2π
0
R z2 ϕjð Þ
z2 ϕjð Þ 
1
2 sin 2ϕj2 tan βR0 z
 h i
dz
 
dϕ
C2 ¼ Nf2π
R 2π
0
R z2ðϕjÞ
z2ðϕjÞ  cos ϕj
tan β
R0
z
 
nM
h i
dz
 
dϕ
C3 ¼ Nf2π
R 2π
0
R z2ðϕjÞ
z2ðϕjÞ 
1
2 sin κ zð Þð Þ 12 cos 2ϕj2 tan βR0 z
  h i
dz
 
dϕ
C4 ¼ Nf2π
R 2π
0
R z2ðϕjÞ
z2ðϕjÞ  sin κ zð Þð Þ sin ϕj
tan β
R0
z
 
nM
h i
dz
 
dϕ
C5 ¼ Nf2π
R 2π
0
R z2ðϕjÞ
z2ðϕjÞ –
1
2 cos κ zð Þð Þ 12 cos 2ϕj2 tan βR0 z
  h i
dz
 
dϕ
C6 ¼ Nf2π
R 2π
0
R z2ðϕjÞ
z2ðϕjÞ – cos κ zð Þð Þ sin ϕj
tan β
R0
z
 
nM
h i
dz
 
dϕ
C7 ¼ Nf2π
R 2π
0
R z2ðϕjÞ
z2ðϕjÞ
1
2 12 cos 2ϕj2 tan βR0 z
  h i
dz
 
dϕ
C8 ¼ Nf2π
R 2π
0
R z2ðϕjÞ
z2ðϕjÞ sin ϕj
tan β
R0
z
 
nM
h i
dz
 
dϕ
C9 ¼ Nf2π
R 2π
0
R z2ðϕjÞ
z2ðϕjÞ 
1
2 sin κ zð Þð Þ sin 2ϕj2 tan βR0 z
 h i
dz
 
dϕ
C10 ¼ Nf2π
R 2π
0
R z2ðϕjÞ
z2ðϕjÞ  sin κ zð Þð Þ cos ϕj
tan β
R0
z
 
nM
h i
dz
 
dϕ
C11 ¼ Nf2π
R 2π
0
R z2ðϕjÞ
z2ðϕjÞ –
1
2 cos κ zð Þð Þ sin 2ϕj2 tan βR0 z
 h i
dz
 
dϕ
C12 ¼ Nf2π
R 2π
0
R z2ðϕjÞ
z2ðϕjÞ – cos κ zð Þð Þ cos ϕj
tan β
R0
z
 
nM
h i
dz
 
dϕ
C13 ¼ Nf2π
R 2π
0
R z2ðϕjÞ
z2ðϕjÞ cos κ zð Þð Þ sin ϕj
tan β
R0
z
 h i
dz
 
dϕ
C14 ¼ Nf2π
R 2π
0
R z2ðϕjÞ
z2ðϕjÞ cos κ zð Þð ÞnM½ dz
 
dϕ
C15 ¼ Nf2π
R 2π
0
R z2ðϕjÞ
z2ðϕjÞ  sin κðzÞð Þ sin ϕj
tan β
R0
z
 h i
dz
 
dϕ
C16 ¼ Nf2π
R 2π
0
R z2ðϕjÞ
z2ðϕjÞ  sin κðzÞð ÞnM½  dz
 
dϕ
8>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>:
ð20Þ
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Ff ¼ C1KtcþC3KrcþC5Kacð Þf tþC2KteþC4KreþC6Kae
Fn ¼ C7KtcþC9KrcþC11Kacð Þf tþC8KteþC10KreþC12Kae
Fa ¼ C13KrcþC15Kacð Þf tþC14KreþC16Kae
8><
>: ð21Þ
Since the average cutting forces can be expressed as a linear function, as shown in Eq. (22), according the analysis of the
experimental data, the relation in Eqs. (23) and (24) can be established.
Ff ¼ Ff cf tþFf e
Fn ¼ Fncf tþFne
Fa ¼ Facf tþFae
8><
>: ð22Þ
Ff ¼ Ff cf tþFf e ¼ C1KtcþC3KrcþC5Kacð Þf tþC2KteþC4KreþC6Kae
Fn ¼ Fncf tþFne ¼ C7KtcþC9KrcþC11Kacð Þf tþC8KteþC10KreþC12Kae
Fa ¼ Facf tþFae ¼ C13KrcþC15Kacð Þf tþC14KreþC16Kae
8><
>: ð23Þ
Ff c ¼ C1KtcþC3KrcþC5Kac
Ff e ¼ C2KteþC4KreþC6Kae
Fnc ¼ C7KtcþC9KrcþC11Kac
Fne ¼ C8KteþC10KreþC12Kae
Fac ¼ C13KrcþC15Kac
Fae ¼ C14KreþC16Kae
8>>>>><
>>>>>:
ð24Þ
The components of the linear force Ff c;Ff e;Fnc;Fne;Fac; and Fae can be calculated by a linear regression of the measured
cutting force data. Finally, the cutting force coefﬁcients can be determined by Eq. (25).
)
Kac ¼ Fac C3C7C15C1C9C15ð ÞC7C13C15Ff cþC1C13C15FncC3C7C215C5C7C13C15C1C9C215þC1C11C13C15
Kae ¼ Fae C4C8C16C2C10C16ð ÞC14C8C16Ff eþC2C14C16FneC4C8C216C6C8C14C16C2C10C216þC2C12C14C16
Krc ¼ C7C15Ff cC1C15Fncþ C1C11C5C7ð ÞFacC3C7C15C5C7C13C1C9C15þC1C11C13
Kre ¼ C8C16Ff eC2C16Fneþ C2C12C8C6ð ÞFaeC4C8C16C6C8C14C2C10C16þC2C12C14
Ktc ¼ Ff cC3Krc C5KacC1
Kte ¼ Ff eC4KreC6KaeC2
8>>>>>>>><
>>>>>>>>:
ð25Þ3. Experimental work
3.1. Experimental procedure
The research procedure was performed sequentially as shown in Fig. 3. First, the stability lobe diagram was measured by the
CUTPROTM software. By this work, the cutting depths and spindle speeds were selected in the stable zone of the stability lobe
diagram to avoid the chatter and to reduce the vibrations. Next, the cutting tests were conducted to determine the cutting force
coefﬁcients. And then, the cutting force coefﬁcients were calculated from the experimental data, and the cutting forces were
simulated by using the calculated cutting force coefﬁcients. Finally, the simulated cutting forces were veriﬁed by the experimental
results.3.2. Setup of the experiment
The setup of the experiments in this paper includes workpiece and tool, machine tool dynamic measurement and cutting force
measurement. The description of the setup is as the followings:
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A series of end milling experiments were performed. The cutter was chosen as follows. Cutter: a HSS-Co ball-end mill with
number of ﬂutes Nf¼2, helix angle β¼301, rake angle αr¼51, and the diameter was 8 mm.
The workpiece material was grey cast iron FC25 (Ferrum Casting). The compositions of grey cast iron FC25 are listed in
Table 1 and the properties of the FC25 were: hardness 197–269 HB, Young's modulus¼109.5 GPa, Poisson's ratio¼0.29, tensile
strength¼250 MPa. The experiments were performed at a Three-axis Vertical Milling Center (Tongtai TMV-720 A).
3.2.2. Setup for determination of stable cutting conditions
An integrated measurement system that consisted of the acceleration sensor (ENDEVCO-25B-10668), hammer (KISTLER-
9722A2000), signal processing box (NI 9234), and CUTPROTM software was used to analyze the stability lobe. The detail settings
of the measurement experiment are illustrated in Fig. 4. The spindle speed and axial depth of cut in the stable zone were chosen
according to the stability lobe diagram measured by CUTPROTM software as shown in Fig. 5.
3.2.3. Setup and measurement of cutting forces
A dynamometer (type XYZ FORCE SENSOR, model 624-120-5KN), processing system, and a PC were used to measure
cutting forces. The detail is illustrated in Fig. 6. At each depth of cut, full immersion (slotting) experiments were repeated in every
feed per ﬂute. The spindle speed was held constant at each experiment. The experiments were performed with the different
parameters, as shown in Table 2.
4. Experimental results and discussions
4.1. The suitable machining conditions for determination of cutting force coefﬁcients
In order to avoid the chatter and reduce the vibration, the stable cutting conditions were determined. By using the measured
results of the frequency response function of the machine tool dynamic system, the stability lobes were analyzed by CUTPROTM
software and described in Fig. 5. The stable cutting conditions (axial depth of cut and spindle speed) were chosen at the stable zone
of the stability lobe diagram.
The analyzed results show that the machining processing is stable at the depth of cut less than 0.6 mm, and at all range spindle
speeds. In this zone, the chatter was prevented for all cutting tests. Besides, using the experimental method as detailed in Ref. [19],Fig. 3. Approach to determine cutting force coefﬁcients and to predict the cutting forces.
Table 1
Chemical compositions of grey cast iron FC25.
Composite (%)
C Mn Si P S Fe
Min 2.44 0.39 1.83 0.15 –
Max 3.02 0.52 2.03 0.30 0.15 Balance
Y.-C. Kao et al. / Journal of Computational Design and Engineering 2 (2015) 233–247242several trial cutting tests were performed in the stable zone of the stability lobe diagram. Finally, the axial depth of cut and the
spindle speed were chosen, as listed in Table 2, to avoid the chatter and to reduce the machine tool vibrations.4.2. Veriﬁcation of the linear model of average cutting forces
The cutting tests were performed at stable cutting conditions as listed in Table 2. For each experiment, the average cutting force
in feed, normal, and axial directions were calculated from the measured cutting force data. The relationship of the average cutting
force and the feed per tooth was estimated and illustrated in Fig. 7. In this ﬁgure, all the absolute values of average cutting forces
increase with the increases of feed per ﬂute. This experimental result is reasonable with the theory of cutting force model because
when the feed per ﬂute increases, the chip thickness increases. The increase of chip thickness make the cutting force's amplitude
increases, and ﬁnally, the absolute value of average cutting force increases. This results show that the theory results and
experimental results have good agreement, and the relationship of average cutting forces and feed per ﬂute was characterized as a
linear function. Therefore, in ball-end mill with stable cutting condition (no chatter and very small vibration, etc.), the measured
average cutting force can be expressed by the linear function of feed per ﬂute and the measured data can be used to estimate theFig. 5. The stability lobe diagram of the adopted CNC machine.
Fig. 4. Setup of experiment for analytical stability lobes.
Fig. 6. Setup measurement of cutting force setting.
Table 2
The stable machining conditions.
Test No Tool diameter [mm] Number of ﬂutes Helix angle [deg] Axial depth of cut [mm] Feed per ﬂute [mm/ﬂute] Spindle speed [rpm]
1 8 2 30 0.2 0.050 1000
2 8 2 30 0.2 0.075 1000
3 8 2 30 0.2 0.100 1000
4 8 2 30 0.2 0.125 1000
5 8 2 30 0.2 0.150 1000
Fig. 7. The average cutting forces versus feed per ﬂute.
Y.-C. Kao et al. / Journal of Computational Design and Engineering 2 (2015) 233–247 243cutting force coefﬁcients for each pair of cutter and workpiece. By this method, all cutting force coefﬁcient components were
determined.
Using Fitting Toolbox of MATLABTM and linear regression, the best lines passing through the values of average cutting force
was determined. By using the characteristic of the best line and the formula of cutting force coefﬁcients, the cutting force
coefﬁcients were calculated and listed in Table 3.
4.3. Veriﬁcation of simulation results
Using the calculated cutting force coefﬁcients in Table 3, the cutting forces were predicted and compared with the measured
results as shown in Fig. 8 to Fig. 10. The difference of the amplitudes of predicted and measured forces were investigated. The
research results showed that the predicted cutting forces have some differences to the measured cutting forces. In the milling
Table 3
Prediction of cutting force coefﬁcients.
Shearing force coefﬁcient [N/mm²] Edge force coefﬁcient [N/mm]
Ktc Krc Kac Kte Kre Kae
3304.12 2148.90 725.07 67.58 5.25 7.16
Fig. 8. Comparison between measured and predicted forces with small depth of cut and low spindle speed.
Y.-C. Kao et al. / Journal of Computational Design and Engineering 2 (2015) 233–247244processes with low spindle speed as described in Fig. 8 and Fig. 9 (S¼1000 rpm), the shape of measured and predicted force are
very similar to each other. About the amplitude of cutting force, the differences are about 6.9% in feed direction, 8.5% in normal
direction, and 17% in axial direction. The difference is small because when milling with low spindle speed, the effect of vibrations
on cutting process is quite small; so, the cutting process is close to the static cutting, and then the predicted cutting force is close to
the measured cutting force.
In the milling process with higher spindle speed (3000 rpm), by the effect of machine tool dynamic structure on the milling
process, vibrations increase. When the vibrations increase, the chip thickness changes in each ﬂute, it makes the cutting forces in
each ﬂute different at the same position but in different revolution. The differences between measured forces and predicted cutting
force are described as in Fig. 10. This ﬁgure showed that the shapes of predicted and measured cutting forces are similar to each
other, the peaks of predicted and measured cutting force sometimes are the same, sometimes are different. About the amplitudes of
cutting force, the differences are about 14.5% in feed direction, 23% in normal direction and about 30% in axial direction. So,
when the spindle speed increases the difference of cutting force amplitudes between measured and predicted cutting force
increases. These differences can be explained when applying the machine tool dynamic process in milling process that will be
investigated in the future study.
The analyzed results showed that the predicted result of research model coincides roughly with the measured one. Therefore, the
predicted results from research model agree satisfactorily with experimental results and the cutting force models and cutting force
coefﬁcient models in this study are good models that can be used to determine the cutting force coefﬁcients in the milling
processes.
The reasons for the above differences were mostly originated from the changes of tool geometry following the tool tip up, the
noise, the vibrations, the deﬂections, the inconstancy of cutting depth, the inhomogeneous distribution of tool and workpiece
hardness, the temperature, the friction, and so on.5. Conclusions
In this study, the developed model was used to analyze the theory of the cutting force in the ball-end mill processes. By
mathematical derivation, a combined theoretical–experimental method was improved and an effective model was proposed for the
determination of cutting force coefﬁcients. This method could be applied in the stable cutting condition when the machine tool
vibration is small and the effects of other subordinate factors are limited.
Fig. 9. Comparison between measured and predicted forces with large depth of cut and low spindle speed.
Fig. 10. Comparison between measured and predicted forces with high spindle speed.
Y.-C. Kao et al. / Journal of Computational Design and Engineering 2 (2015) 233–247 245An experimental method was proposed to determine the stable cutting condition in milling processes. By using this method, the
chatter was prevented, and the vibration of machine tool was reduced in the milling process.
In the stable cutting condition, the relationship between the average cutting forces and the feed per ﬂute could be expressed by a
linear function. This relationship was successfully used to determine the cutting force coefﬁcients in the ball-end mill processes. The
determined cutting force coefﬁcients and the force models have been successfully veriﬁed by both simulation and experiment with very
promising results. By the proposed model in this paper, all cutting force coefﬁcients were determined by experimental data.
This research model is expected to be extended to more complex type of milling tool such as bull-end mill, general-end mill, and
so on. The application of dynamic process in milling simulation should be used to analyze the dynamic cutting force, and that will
be the futuristic study of the extended research.
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Appendix
The instantaneous chip thickness hjðϕj zð ÞÞ is determined by Eq. (A.1).
hj ϕj zð Þ
 ¼ f t sin ϕj zð Þ  sin κðzÞð Þ ðA:1Þ
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sin κ zð Þð Þ ¼ r ϕj zð Þð ÞR0
cos κ zð Þð Þ ¼ R0 zð ÞR0
8<
: ðA:2Þ
where rðϕjðzÞÞ is the radius of a circle on xy plane at an arbitrary point (P) on cutting edge; so, rðϕjðzÞÞ can be determined by
Eq. (A.3)
r ϕj zð Þ
 ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃR20 R0zð Þ2
q
ðA:3Þ
so,
) sin κ zð Þð Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R20 R0zð Þ2
q
R0
ðA:4Þ
The static chip thickness is calculated by Eq. (A.1); so, it can be calculated by Eq. (A.5).
hj ϕj zð Þ
 ¼ f t
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R20ðR0zÞ2
q
R0
sin ϕj
tan β
R0
z
 
ðA:5Þ
The chip width is calculated by Eqs. (A.6) and (A.7)
db ¼ dz
sin κðzÞð Þ ðA:6Þ
so,
) db ¼ R0ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R20 R0zð Þ2
q dz ðA:7Þ
The edge length of the cutting segment dS is obtained by the small variation of a vector, which is obtained from the point center
(C) to a point (P) on the cutting edge, with respect to the small variation of rotation angle (ϕ). The location of P on the ﬂute
number j is deﬁned by a vector in cylindrical coordinates as described in Fig. 2 and can be expressed by Eq. (A.8).
r! ϕjðzÞ
 ¼ r ϕjðzÞ  sin ϕj zð Þ n i!þr ϕj zð Þ  cos ϕj zð Þ n j!þzn k! ðA:8Þ
where z is the z coordinate of point P.
so, dS can be derived by Eqs. (A.9) and (A.10).
dS ¼
			d r! ϕj; z 			 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rð ϕj; z
 
sin ϕjðzÞ
 
 'n o2þ r ϕjðzÞ  cos ϕjðzÞ 
 0 2þ z½ 0 2
r
ðA:9Þ
) dS ¼ dz
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R0zð Þ2
R20 R0zð Þ2
þ tan
2β
R20
R20 R0zð Þ2

 þ1
s
¼ Mdz ðA:10Þ
with
M ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðR0zÞ2
R20ðR0zÞ2
þ tan
2β
R20
R20ðR0zÞ2

 þ1
s
ðA:11Þ
The components of cutting forces can be calculated by Eq. (A.12).
dFt;j ϕjðzÞ
 ¼ Ktcnf t ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃR20ðR0 zÞ2p R0 sin ϕj tan βR0 z
 
n
R0ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R20ðR0 zÞ2
p dzþKtenMdz
dFr;j ϕjðzÞ
 ¼ Krcnf t ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃR20ðR0 zÞ2p R0 sin ϕj tan βR0 z
 
n
R0ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R20ðR0 zÞ2
p dzþKrenMdz
dFa;j ϕjðzÞ
 ¼ Kacnf t ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃR20ðR0 zÞ2p R0 sin ϕj tan βR0 z
 
n
R0ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R20ðR0 zÞ2
p dzþKaenMdz
8>>>><
>>>>:
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dFt;j ϕjðzÞ
 ¼ Ktcnf t sin ϕj tan βR0 z
 
þKtenM
h i
dz
dFr;j ϕjðzÞ
 ¼ Krcnf t sin ϕj tan βR0 z
 
þKrenM
h i
dz
dFa;j ϕjðzÞ
 ¼ Kacnf t sin ϕj tan βR0 z
 
þKaenM
h i
dz
8>>><
>>>:
ðA:13Þ
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